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Abstract
It is shown that an essentially 6-connected graph G on at least 13 vertices can be contracted to a 5-connected graph H such that
0< |V (G)| − |V (H)|< 5. The bounds 13 and 5 are sharp, and no such result holds for higher connectivity.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Ever since Tutte [11] proved his famous wheel theorem, the distribution of edges or subgraphs in graphs whose
contraction, that is, identiﬁcation to a single vertex, results in a graph of prescribed connectivity is an attractive research
area within graph connectivity theory. The wheel theorem implies that every 3-connected graph on more than four
vertices contains an edge whose contraction yields a new 3-connected graph. This has been proved independently from
the wheel theorem to give an inductive proof of Kuratowski’s theorem [10]. Results on the distribution of 3-contractible
edges led also to coloring theorems on planar graphs [5,8].
More recently—and surveyed in [4]—the theory has been extended to connectivity larger than 3. One of the facts
which cause difﬁculties in performing induction proofs within the class of k-connected graphs (k4) by using single
edge contractions is that for each k4 there are inﬁnitelymany nonisomorphic k-connected graphswhich do not contain
a k-contractible edge, i.e. an edge whose contraction yields a k-connected graph. These graphs are called contraction
critically k-connected, and although the contraction critically 4-connected graphs are characterized [7] (cf. [6]), they
are far from being well understood, as they include line graphs of snarks—which are recognized to be troublesome in
various respects.
A classiﬁcation of contraction critically 5-connected graphs seems to be totally hopeless today, although there are
several recent results on their structure, in particular on the distribution of their vertices of degree 5: every vertex of a
contraction critically 5-connected graph G has a neighbor of degree 5, which easily implies that |V5(G)| 15 |V (G)|,
where V5(G) denotes the set of vertices of degree 5 in G [4]. By a much more sophisticated argument, this has been
improved to |V5(G)| 29 |V (G)| (K. Ando and K. Kawarabayashi, personal communication).
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However, every 4-connected graph on at least seven vertices can be reduced to a smaller 4-connected graph by
contracting one or two edges subsequently, and at ﬁrst sight there seemed to be hope in the statement that for every
k1 there exist b, h such that every k-connected graph on more than b vertices can be reduced to a smaller k-connected
graph by contracting less than h edges. This is trivial for k = 1 and easy for k = 2. For k = 3 and k = 4, the smallest
appropriate values for b, h would be 4, 2 and 6, 3, respectively. However, as toroidal triangulations of large face width
show, such a statement fails for k = 6 and, in fact, for all k6 [4].
The question is still open whether there exist appropriate b, h for k = 5.
Conjecture 1 (Kriesell [4]). There exist b, h such that every 5-connected graph G on at least b vertices can be
contracted to a 5-connected graph H with 0< |V (G)| − |V (H)|<h.
As the icosahedron shows, b13. The question of ﬁnding those 5-connected graphs which cannot be reduced
to smaller 5-connected ones by contracting or deleting any number of edges is the question for the minor minimal
5-connected graphs. From the weak graph minor theorem ((1.4) in [9]) it follows that there are only ﬁnitely many
minor minimal 5-connected graphs, as there are planar 5-connected graphs. (I do not know to which extent graph
minor theory has to be involved to obtain the analogous result for k-connected graphs, k6.) Determining the minor
minimal 5-connected graphs should be a hard task, but one could conjecture the following:
Conjecture 2 (Fijavž [3]). Every 5-connected graph contains a minor isomorphic to one of the graphs K6, K2,2,2,1,
C5 ∗ K3, I, I˜ , or G0.
Here K6 is the complete graph on six vertices, the Turán graph K2,2,2,1 is obtained from a complete graph on
seven vertices by deleting three independent edges, C5 ∗ K3 is obtained from a cycle C5 by adding three new
vertices and making them adjacent to all vertices of the C5, I denotes the icosahedron, I˜ is the graph obtained
from I by replacing the edges of a cycle abcdea induced by the neighborhood of some vertex with the edges of
a cycle abceda, and G0 is the graph obtained from the icosahedron by deleting a vertex w, replacing the edge
ab of a cycle abcdea induced by the neighborhood of w with the two edges ac and ad, and, ﬁnally, identifying b
and e.
The statement is true when restricted to minor minimal 5-connected projective planar graphs, where K2,2,2,1 and
C5 ∗K3 can be excluded from the list as they are not projective planar [3]. It is true for all graphs on at most 10 vertices
and all 5-regular graphs on at most 12 vertices (G. Fijavž, personal communication).
Here, we show that it is possible to reduce an essentially 6-connected graph to a 5-connected one by contracting
one, two, three, or four edges subsequently. The arguments are of “local character”, so they lead to some information
on 5-connected graphs, particularly on minor minimal 5-connected graphs, supporting both Conjectures 1 and 2. The
hope is to use these results to determine the minor minimal 5-connected graphs.
2. Terminology
All graphs considered here are supposed to be ﬁnite, simple, and undirected. For terminology not deﬁned here I
would like to refer to [1,2].
LetG=(V ,E) be a graph andX ⊆ V (G). The neighborhood of X is deﬁned to be the setNG(X) := {y ∈ V (G)−X:
there exists an x ∈ X such that xy ∈ E(G)}. The distance dG(X, Y ) ofX and Y ⊆ V (G) inG is the number of edges in a
shortestX, Y -path if such a path exists and deﬁned to be+∞ otherwise. ByEG(X, Y ) := {xy ∈ E(G) : x ∈ X, y ∈ Y }
we denote the set of edges connecting a member of X to a member of Y. G(X) := (X,EG(X,X)) is the subgraph
induced by X in G. For vertices x, y ∈ X, we deﬁne, for brevity, NG(x) := NG({x}), dG(x, Y ) := dG({x}, Y ),
EG(x, Y ) := EG({x}, Y ), EG(X, y) := EG(X, {y}), and EG(x, y) := EG({x}, {y}). The degree of x in G is dG(x) :=
|EG(x, V (G)− {x})| = |NG(x)|. For an integer k0, let Vk(G) := {x ∈ V (G) : dG(x)= k} denote the set of vertices
of degree k in G.
We say that X separates Y in G, if Y intersects at least two components of G − X, and X is a separator of G
if X separates V (G). If G is noncomplete then (G) := min{|T | : T ⊆ V (G), T a separator of G} deﬁnes its
connectivity. If G is complete then this extends by setting (G) := max{1, |V (G)|−1}.We say that G is k-connected if
k(G).
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By T(G) := {T ⊆ V (G) : T a separator of G, |T | = (G)} we denote the set of smallest separators of G. For
T ∈ T(G), the union of the vertex sets of at least one but not of all components of G − T is called a T-fragment or,
brieﬂy, a fragment. Note that if F is a T-fragment then so is F := V (G)− (F ∪T ), and T is determined by T =NG(F).
We call T ∈T(G) trivial, if |F | = 1 or |F | = 1 for every T-fragment F. Clearly, every trivial separator must be of the
form T = NG(y) for some vertex a of degree k, but the converse is not true as it is shown by the complete bipartite
graphs Ka,b, for a1, b4. Note that T ∈T(G) is trivial if and only if either (a) G− T has exactly two components
at least one of which has cardinality 1, or (b) G − T has exactly three components, all of which having cardinality 1.
If X is a set of disjoint subsets of V (G) then we deﬁne the graph G/X by V (G/X) := X ∪ (V (G) −⋃X) and
E(G/X) := {PQ : P = Q in V (G/X) and EG(P,Q) = ∅}. G/X is the graph obtained from G by contracting every
X ∈ X to a vertex X. Occasionally, we will use the symbol X′ for a target vertex X ∈ X of the contraction G/X in
order to symbolically distinguish vertices of G/X and subsets of V (G). We say that x ∈ V (G) and P ∈ V (G/X)
correspond, if either x = P ∈ V (G) or x ∈ P ∈ X holds. The edges xy ∈ E(G) and P,Q ∈ E(G/X) correspond,
if x corresponds to P and y corresponds to Q. For a set Z ⊆ E(G) of edges, let X(Z) denote the set of vertex sets of
the nontrivial components of the graph (V (G), Z), i.e. those consisting of more than one isolated vertex. We deﬁne
G/Z := G/X(Z), and call Z k-contractible if G/Z is k-connected.
If xy is an edge in G then we write shortly G/xy := G/{xy} = G/{{x, y}} and call xy k-contractible if {xy} is
k-contractible. If G is a noncomplete graph of connectivity k then it is easy to see that xy is not k-contractible if and
only if there exists a T ∈T(G) containing x, y [4].
We say that G can be contracted to H if there exists a Z ⊆ E(G) such that G/Z = H .
Let r0 be an integer or +∞. We say that a k-connected graph G is essentially (k + 1)-connected within distance
r from x if G is (k + 1)-connected or every T ∈ T(G) with dG(x, T )r trivial. Throughout this paper, let rG,k(x)
denote the largest r such that the k-connected graph G is essentially (k + 1)-connected within distance r from x.
If rG,k(x) = +∞ for some x ∈ V (G) then G admits no nontrivial separators of cardinality k at all, and we call G
essentially (k + 1)-connected.
The main result of this paper is Corollary 1, that every essentially 6-connected graph on at least 13 vertices can be
reduced to a smaller 5-connected graph by contracting less than ﬁve edges subsequently.
The role of the localized form of essential connectivity is reﬂected in the proof structure, which leads to a more
general result (Theorem 1): we consider a vertex x in a 5-connected graph where rG,5(x) is bounded weakly from
below (that is, by a “small” number), and try to contract a small number of edges “near” to x in order to obtain another
5-connected graph. As it turns out, this is not always possible, but in this case we gain more information on x. In the
forthcoming considerations we become more and more restrictive concerning the lower bound to rG,5(x). This will
enable us to apply previous results on the local appearance of x not only to x itself but also to neighbors of x or even to
vertices at a larger distance. Finally, rG,5(x) can be considered as a measure of the “area around x” where the absence
of nontrivial separators is needed for the respective arguments.
Let us close this section with a rather simple observation. The form of the statement is purely artiﬁcial here but serves
as a template for the forthcoming ones. An edge set Z is said to be within distance r from x if dG(x, {y, z})r for all
yz ∈ Z.
Lemma 1. Let G be a graph of connectivity k on at least k + 2 vertices, and consider x ∈ V (G) with rG,k(x)0 such
that there is no k-contractible edge set of cardinality 1 within distance 0 from x.
Then every vertex in NG(x) has a neighbor of degree k in NG(x).
Proof. As |V (G)|k + 2, G is not complete. Let y be a neighbor of x. Then xy is not k-contractible, for otherwise
{xy} would be a contractible edge set of cardinality 1 within distance 0 from x. Hence there exists a T ∈ T(G)
containing x, y. As dG(x, T )= 0 and rG,k(x)0, T is trivial, so T =NG(z) for some z ∈ V (G). Clearly, z ∈ NG(x)∩
NG(y) ∩ Vk(G). 
3. Pair contraction
For a sequence z1, . . . , z of vertices of a graph G of connectivity k we write
xy → z1, . . . , z
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if for every T ∈ T(G) containing x, y there exists an i ∈ {1, . . . , } such that T = NG(zi); otherwise we write
xyz1, . . . , z. For example, xy → z means that either xy is k-contractible or NG(z) is the only smallest separator of
G containing x, y. We will often be in a situation where we are allowed to apply one of the following lemmas.
Lemma 2. Let G be a graph of connectivity k on at least k + 2 vertices and suppose that ax, by are edges such that
ax → b, y and by → a, x.
Then either one of G/ax, G/by, G/{ax, by} is k-connected, or there exists a separator T0 of cardinality k + 1
containing a, x, b, y.
In the latter case, if rG,k(x)1 and |V (G)|k + 4 then T0 = {z} ∪ NG(z) for all z ∈ T0.
Proof. Suppose that none of G/ax, G/by, G′ := G/{ax, by} is k-connected. We have to prove the existence of an
appropriate T0.
There exists a T ∈ T(G) containing b, y, so T ∈ {NG(a),NG(x)} as by → a, x. In particular, C′ := {a, x, b, y}
has cardinality at least 3. Consider a T ′-fragment F ′ of G′, so |T ′|k − 1.
Case 1: |C′| = 3.
Then C′ is a vertex in G′. It follows C′ ∈ T ′ (for otherwise T ′ would separate G, a contradiction). Consequently,
T0 := (T ′ − {C′}) ∪ {a, x, b, y} separates G, so |T0|k, implying |T0| ∈ {k, k + 1}. As |T0| = k violates ax → b, y,
it follows |T0| = k + 1.
Case 2: |C′| = 4.
Then A′ := {a, x}, B ′ := {b, y} are distinct vertices of G′, and at least one of them is contained in T ′ (for otherwise
T ′ would separate G, impossible). Without loss of generality, A′ ∈ T ′. If B ′ /∈ T ′ then (T ′ − {A′}) ∪ {a, x} would
be a smallest separator of G not containing y or b. As b and y are adjacent, this contradicts ax → b, y. So B ′ ∈ T ′,
and T0 := (T ′ − {A′, B ′}) ∪ {a, x, b, y} separates G. It follows |T0| ∈ {k, k + 1}, and |T0| = k would again violate
ax → b, y.
In either case, T0 is a separator of cardinality k + 1 containing a, x, b, y.
For the last part of the statement, suppose, to the contrary, that rG,k(x)1 and |V (G)|k + 4 and T0 ={z} ∪NG(z)
for some z ∈ T0. Let C0 be the vertex set of a component of G − T0 and set D0 := V (G) − (T0 ∪ C0). Then C0,D0,
and {z} are disjoint (T0 − {z})-fragments whose union is V (G)− T0. As |V (G)|k + 4, one of C0,D0 has more than
one vertex. But then T0 cannot be trivial, contradicting rG,k(x)1. 
Lemma 3. Let G be a graph of connectivity k on at least k + 4 vertices, and consider x ∈ V (G) with rG,k(x)1.
Suppose that ayb is a path contained in G(NG(x)) such that G(NG(x)) − {a, y, b} is complete, ax → b, y, and
by → x.
Then one of G/ax, G/by, G/{ax, by} is k-connected.
Proof. If the conclusion of the lemma would not hold then there exists a separator T0 of cardinality k + 1 containing
a, x, b, y by Lemma 2. As G(NG(x)) − {a, y, b} is complete, NG(x) − T0 ⊆ C0 for some component C0 of G − T0.
Consequently, F := V (C0) ∪ {x} is a (T := T0 − {x})-fragment of G. Since rG,k(x)1, T is trivial, so |F | = 1. It
follows T = NG(z) for the vertex z ∈ F . On the other hand, T = NG(x) as by → x. As |V (G)|k + 3, {x, z} is a
T-fragment, so |{x, z}| = 1, contradicting |V (G)|k + 4. 
From this, we obtain immediately a lemma of the same type as Lemma 1.
Lemma 4. Let G be a graph of connectivity k on at least k + 4 vertices, and consider x ∈ V (G) with rG,k(x)1 such
that there is no k-contractible edge set of cardinality 1 or 2 within distance 1 from x.
Suppose that ayb is a path contained in G(NG(x)) such that G(NG(x)) − {a, y, b} is complete. Then axb, y or
byx.
4. Vertex types
We now turn to the more speciﬁc situation of graphs of connectivity k = 5. Let us consider the following six graphs
on ﬁve vertices.GI := GI =K2∪˙P3 (the disjoint union of aK2 and a path on three vertices),GII := P5 (the path on ﬁve
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Fig. 1. The six neighborhood types.
vertices), GIII := C5 (the cycle on ﬁve vertices), GIV := K2∪˙K3 (the disjoint union of a K2 and a K3), GV = K1∪˙C4
(the bowtie or hourglass), and let GVI be obtained from GV by deleting an edge incident with the vertex of degree 4.
So we obtain the six graphs displayed in Fig. 1.
The vertex labels in the drawings will help to follow the proofs below. We say that a vertex of degree 5 in a graph G
has types I, II, III, IV, V, VI, respectively, if G(NG(x)) is the graph GI, GII, GIII, GIV, GV, GVI, respectively.
Lemma 5. Let G be a graph of connectivity 5 on at least nine vertices, and consider x ∈ V (G) with rG,5(x)3 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 3 from x.
If x has degree 5 then it has type I, II, or III.
Proof. We start in a more general setting. Let G be a graph of connectivity 5 on at least nine vertices, and consider
x ∈ V (G) with rG,5(x)1 such that there is no 5-contractible edge set of cardinality 1 or 2 within distance 1 from x.
This makes it possible to apply some of the ﬁrst claims not only to x but also to neighbors of x later.
For brevity, let H := G(NG(x)) and S := V (H) ∩ V5(G).
Claim 1. For every y ∈ S, dH (y)2.
Since y must have at least one neighbor z in {x}, dH (y)3 is immediate. Suppose, to the contrary, dH (y)= 3. Then
z is the unique neighbor of y in {x}. It follows that NG({x, y}) = (NG(x) − {y}) ∪ {z} forms a nontrivial separator
within distance 1 from x—a contradiction. This proves Claim 1.
It is easy to see that GI, GII, GIII, and GIV are precisely those graphs on ﬁve vertices in which every vertex has
either degree 1 or 2. By Lemma 1, dH (y)1 for every y ∈ V (H). Our ﬁrst aim will be to investigate the situation
when dH (y)3 for some y ∈ V (H).
Claim 2. If dH (y)3 for some y ∈ V (H) then H is one of GV, GVI, and S = V (H) − {y}.
Suppose that a, b, c are distinct neighbors of y in the graph H. Let z be the vertex in V (H)−{a, b, c, y}. By Lemma
1, z must have a neighbor in S, which is among a, b, c by Claim 1. So, without loss of generality, z is adjacent to c and
c ∈ S. By Claim 1, NH(c) = {y, z}.
By Lemma 1, a must have a neighbor in S, which is among b, z. If a is adjacent to z and z ∈ S then NH(z) = {a, c}
by Claim 1. By Lemma 1, b must have a neighbor in S, which would have degree at least 3 in H, violating Claim 1. So,
b is the unique neighbor of a in S and, symmetrically, a is the unique neighbor of b in S. By Claim 1, NH(b) = {a, y}
and NH(a) = {b, y}, so H is GV or GVI, depending on whether zy ∈ E(G).
By Lemma 1 and Claim 1, both c, z are in S, implying S = {a, b, c, z}. This proves Claim 2.
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So it follows that H is one of GI,GII,GIII,GIV,GV,GVI. In order to prove the lemma, we subsequently rule out
GVI,GV,GIV from the play.
Claim 3. Suppose that H is one of GV,GVI and let a, b, y, c, z be as in the previous claim (cf. also Fig. 1). Let T0 be a
separator of cardinality 6 containing x, a, b. Such a separator exists by Lemma 2, as ax → b and bx → a. Moreover,
T0 − {x} = NG(x).
Then x has neighbors in different components of G − T0. In particular, y, z are in distinct components of G − T0,
c ∈ T0, and H is not isomorphic to GV. Moreover,
a, y have a common neighbor of degree 5 in {x}, (1)
c, y have a common neighbor of degree 5 in {x}. (2)
Assume, to the contrary, that all neighbors of x are in the same component of G− T0. Then T := T0 − {x} separates
G as well, so T =NG(w) for some w ∈ {x}∩V5(G). (Recall that y /∈V5(G) by Claim 1.) But then x, y,w are common
neighbors of a, b, so NG({a, b}) is a nontrivial smallest separator of G at distance 0 from x, a contradiction.
To ﬁnish the proof of Claim 3, we give an explicit proof only for (1)–(2) is proved by substituting the parts in square
brackets appropriately.
Let us assume, to the contrary, that a, y [c, y] had no common neighbor of degree 5 in {x}. Then x, b [x] would
be the only common neighbors of a, y of degree 5, so ay → x, b and xb → a [cy → x and xz → c]. Hence, there
exists a separator T0 of cardinality 6 containing a, b, x, y [c, z, x, y]. Since NG(x) − {a, b, y} [NG(x) − {c, z, y}] is
complete, T = T0 − {x} separates G as well, implying that T is the neighborhood of a vertex of degree 5 distinct from
x—a contradiction. This proves (1) [(2)], so Claim 3 is proved.
It follows from the above claims that H contains a triangle if and only if H is isomorphic to GIV or to GVI.
For the remaining proof, let us strengthen the conditions to x as follows: suppose from now on that rG,5(x)2 and
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 2 from x. This allows us to apply the previous
subresults not only to x but to vertices from S as well.
Claim 4. H is not isomorphic to GVI.
Suppose, to the contrary, that H is isomorphic to GVI, and let a, b, y, c, z denote the vertices of GV as in the previous
claims (cf. Fig. 1).
We swap the roles of x, a, b. Note that a ∈ S and NG(a) consists of the vertices of the triangle xby plus two further
vertices c′, z′ in {x}. It follows that H ′ := G(NG(a)) is one of GIV, GVI. By (1) of Claim 3, a, y have a common
neighbor, which is c′ without loss of generality. So, indeed, H ′ is isomorphic to GVI, where x′ := a, y′ := y, c′, z′
take the roles of x, y, c, z, respectively.
Symmetrically, there exist neighbors c′′, d ′′ of b in {x}. Since c′, d ′ are not adjacent to b, it follows that c′′, d ′′ are
distinct from c′, d ′. By (1) of Claim 3, c′′ is adjacent to y without loss of generality. So H ′′ := G(NG(b)) is again a
graph GV, where x′′ := b, y′′ := y, c′′, z′′ take the roles of x, y, c, z, respectively. The situation is as in Fig. 2.
(Note that the 10 vertices in the drawing are pairwise distinct.) Now let us consider a separator T0 as in Claim 3.
It follows c ∈ T0 and, by symmetry, c′, c′′ ∈ T0. Consequently, T0 = {x, a, b, c, c′, c′′}. Let C0 denote the vertex set of
the component of G − T0 containing y. Since NG({x, a, b}) ∩ C0 = {y} by Claim 3, C0 = {y} and NG(y) = T0 follow
(for otherwise {y, c, c′, c′′} would separate G).
By (2) of Claim 3, c is adjacent to one of c′, c′′. By symmetry, G({c, c′, c′′}) has minimum degree at least 1, and
thus we may assume that one of c, c′, c′′ is adjacent to the others. Without loss of generality, cc′, cc′′ ∈ E(G), so
NG(c) = {x, y, z, c′, c′′}.
It follows that F := {x, y, c} is a T := {a, b, z, c′, c′′}-fragment. As z′ = z′′ are in F , T is not trivial, contradicting
dG(x, T ) = 1 and rG,5(x)1.
This proves Claim 4.
We ﬁnish the proof of the lemma by showing that H is not isomorphic to GIV. In order to be able to apply Claim
4 to vertices of S, we have to strengthen the conditions to x once more: suppose that rG,5(x)3 and that there is no
5-contractible edge set of cardinality 1 or 2 within distance 3 from x.
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Fig. 2. The proof of Claim 4 in Lemma 5.
Let us assume, to the contrary, that V (H)={a, b, c, x′, x′′} and E(H)={ab, cx′, cx′′, x′x′′} (cf. Fig. 1). By Lemma
1, a, b, and at least two of c, x′, x′′ must be in S. We may assume x′, x′′ ∈ S without loss of generality. Let a′, b′ be the
neighbors of x′ in {x}, and let a′′, b′′ be the neighbors of x′′ in {x}. Since each ofH ′ := G(NG(x′)),H ′′ := G(NG(x′′))
contains a triangle,H ′, H ′′ are both isomorphic toGIV byClaim 4. In particular, a′b′, a′′b′′ ∈ E(G),{a′, b′}∩{a′′, b′′}=
∅, which in turn implies x′x′′ → x, c as x, c are the only common neighbors of x′ and x′′.
Since cx → x′, x′′, there exists a separator T0 of cardinality 6 containing x, x′, x′′, c by Lemma 2. Since the
neighborhoods of x, x′, x′′ outside T0 form complete graphs, there must be a component C0 of G − T0 and A ⊆
{x, x′, x′′} of cardinality 2 such that NG(A) ∩ V (C0) = ∅. Hence T0 − A separates G, which is absurd. 
From Lemma 5, we obtain immediately the following.
Lemma 6. Let G be a graph of connectivity 5 on at least nine vertices, and consider x ∈ V (G) with rG,5(x)4 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 4 from x.
Then every neighbor of x of degree 5 has at most two neighbors in NG(x).
Proof. Let y ∈ NG(x) ∩ V5(G). The initial conditions allow us to apply Lemma 5 to y in place of x, so y has types I,
II, III. Therefore x has degree at most 2 in G(NG(y)). 
Let us rule out type I vertices now.
Lemma 7. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)6 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 6 from x.
If x has degree 5 then it has type II or III.
Proof. The initial conditions allow us to apply Lemma 5 and several others to vertices within distance 3 from x.
Suppose, to the contrary, that x has type I and {x′, x′′} induces a component of H := G(NG(x)). By Lemma 1,
x′, x′′ ∈ S := V (H) ∩ V5(G).
Claim 1. x′, x′′ have a common neighbor in {x}.
For suppose, to the contrary, that they do not. Then, by Lemma 5, x′, x′′ have type I as well, and x′x′′ → x. Let
y, y′, y′′ denote the vertices of degree 2 in H,G(NG(x′)),G(NG(x′′)), respectively, and let c, z, c′, z′, c′′, z′′ denote
their respective neighbors there. As xx′ → x′′ and xx′′ → x′, there exists a separator T0 of cardinality 6 containing
x, x′, x′′ by Lemma 2. Each of x, x′, x′′ must have neighbors in every component of G − T0 (for otherwise T0 − x,
T0−x′, or T0−x′′, respectively, would be a nontrivial smallest separator at distance at most 1 from x). Consequently, T0
is uniquely determined to be {x, x′, x′′, y, y′, y′′}, and G− T0 has two components C0, C0 such that c, c′, c′′ ∈ V (C0)
and z, z′, z′′ ∈ V (C0) without loss of generality. The vertex c cannot be the only neighbor of y in V (C0) (for otherwise
(T0 − {y}) ∪ {c} would be another separator of cardinality 6 containing x, x′, x′′, since NG(c)T0). So there exist a
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v ∈ NG(y) ∩ V (C0) − {c}, and, by symmetry, a w ∈ NG(y) ∩ V (C0) − {z}. It follows that y has type II and vcxzw
is the path induced by NG(y). This implies, however, cx → y and vy → c, which contradicts Lemma 4 applied to
y, v, c, x in place of x, a, y, b, and Claim 1 is proved.
By Claim 1, there exists a common neighbor w of x′, x′′ in {x}, and, in fact, there exists only one (for otherwise
{x′, x′′} would be a T-fragment for some T ∈T(G) at distance 0 from x—but T cannot be trivial as |V (G)|9). Let
u′, v′ and u′′, v′′ be the neighbors in {x} − {w} of x′, x′′, respectively,
Claim 2. wx′x′′ and, symmetrically, wx′′x′.
Let us assume, to the contrary, that wx′ → x′′. Since x has degree 1 in G(NG(x′)), x′ has type I or II by Lemma 5,
which implies, in particular, u′v′ ∈ E(G). As xx′′ → x′, this contradicts Lemma 4, applied to x′, w, x′′, x in place of
x, a, y, b, and Claim 2 is proved.
From Claim 2 we know that, in the graph H ′ := G(NG(x′)), w must have a neighbor distinct from x′′, which
has degree 5 in G. So x′ has type II by Lemma 5. Without loss of generality, let u′v′wx′′x be the path forming H ′.
Symmetrically, let u′′v′′wx′x be the path forming H ′′ := NG(x′′). Notice that, by Lemma 1 (applied to x′, x′′ in place
of x), v′ and v′′ have degree 5 in G.
Claim 3. The vertex w is in V5(G).
By Lemma 2, there exists a separator T0 of cardinality 6 containing x, x′, x′′ (cf. Claim 1). Let us assume that there
is a component of G − T0 not intersecting {u′, v′, w}. Then T ′0 := T0 − {x′} is a separator inT(G) at distance 0 from
x, and there exists a T ′0-fragment F ′0 of cardinality at least 2 containing x′. Hence, |F ′0| = 1, and thus F ′0 consists of a
common neighbor of x, x′′ distinct from x′, a contradiction. So every component of G − T0 intersects {u′, v′, w} and,
symmetrically, {u′′, v′′, w}. Hence, v′, v′′ ∈ T0, and there exists a component of G− T0 having vertex set C0 such that
w ∈ C0 and u′, u′′ ∈ C0 := V (G) − (T0 ∪ C0).
Nowsuppose, to the contrary, thatw /∈V5(G).ThenC0 = {w}, asx ∈ T0−NG(w). SinceNG({x′, x′′})∩V (C0)={w},
T ′0 := (T0 − {x′, x′′}) ∪ {w} is a separator of cardinality 5 at distance 0 from x. Therefore, T ′0 is the neighborhood of a
common neighbor c ∈ V5(G) of w, x, v′, v′′. It follows that c is one of V (H) − {x′, x′′} and has only one neighbor y
in V (H). This implies T ′0 = NG(c) = {x, v′, v′′, w, y}. Since w has degree exceeding 5, each of v′ and v′′ must have
a neighbor in T ′0 − {w} by Lemma 1. So either v′v′′ ∈ E(G) or {v′y, v′′y} ⊆ E(G),which contradicts the observation
that c has type I, II, or III, derived from Lemma 5.
This proves Claim 3.
Now let w′ be the vertex in NG(w)−{x′, v′, x′′, v′′}. It might be the case that w′ is contained in V (H), but certainly
not in {x, x′, u′, v′, x′′, u′′, v′′, w}. Since v′x′x′′v′′ is a path in NG(w), w has type II or III by Claim 3 and Lemma 5.
Indeed, w has type III, for otherwise, w′ would be adjacent to exactly one of v′, v′′. Without loss of generality, let it
be adjacent to v′. But then wv′′ → x′′ and x′′u′′ → v′′, which contradicts Lemma 4 applied to x′′, u′′, v′′, w in place
of x, a, y, b.
So G(NG(w)) is formed by the cycle x′v′w′v′′x′′. Let t ′ be the vertex in NG(v′) − {x′, u′, w′, w}. If u′ would be
the only common neighbor of t ′, v′ in V5(G), then x′u′ → v′ and t ′v′ → u′, which would contradict Lemma 4,
applied to v′, t ′, u′, x′ in place of x, a, y, b. So w′ must be a common neighbor of t ′, v′ of degree 5 within distance 3
from x.
Symmetrically, let t ′′ be the vertex inNG(v′′)−{x′′, u′′, w′, w};w′ is a common neighbor of t ′′, v′′. SinceG(NG(w′))
does not contain a cycle of length 4 by Lemma 5 (applied to w′ in place of x), t ′ = t ′′, implying NG(w′) =
{w, v′, t ′, v′′, t ′′}.
Now set A := {w} ∪ NG(w) = {w, x′, x′′, v′, v′′, w′}. Then NG(A) = {x, u′, t ′, u′′, t ′′}, contradicting rG,5(x)0
and |V (G)|13. 
There are inﬁnitely many essentially 6-connected graphs consisting of vertices of type II or III only which cannot be
transformed to smaller 5-connected ones by contracting less than four edges. For n3, set V (Gn) := {(2, 0), (2, 1),
(2+ 1, 1), (2+ 1, 2) :  ∈Zn}, E(Gn) := {(2, 0)(2+ 2, 0), (2, 0)(2+ 1, 1), (2, 0)(2, 1), (2, 1)(2+ 1, 1),
(2, 1)(2 + 1, 2), (2 + 1, 1)(2 + 2, 0), (2 + 1, 1)(2 + 2, 1), (2 + 1, 1)(2 + 1, 2), (2 + 1, 2)(2 + 2, 1),
(2 + 1, 2)(2 + 3, 2) :  ∈ Zn}. Note that G3 is the icosahedron, where every vertex has type III, and if n4 then
502 M. Kriesell / Discrete Mathematics 307 (2007) 494–510
Fig. 3. The graph G10.
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Fig. 4. The conﬁguration in Lemma 8.
the vertices (x, 1) have type III and all others have type II. It is easy to ﬁnd four edges which serve for contracting Gn
to Gn−1. Fig. 3 shows an example.
5. Contracting along wheels I
In the following lemma, the reduction of the previous class of examples is described in a more general setting, by
means of types of vertices in the neighborhood of some given vertex of type III. Recall that the neighborhood of a type
II vertex induces a path of length 5, and the neighborhood of a type III vertex induces a cycle of length 5. We refer to
these objects as to the border path or the border cycle of a vertex of the respective type, or, less speciﬁcally, as to its
border graph.
Lemma 8. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)8 such
that there is no 5-contractible edge set of cardinality 1, 2 within distance 8 from x.
Suppose x has type III with border cycle abcc′b′ such that a, c, c′ have type II and b, b′ have type III with border
cycles axcdy, axc′d ′y′, respectively.
Then the graph G′ obtained from contracting A := {a, y} B := {b, x, b′}, C := {c, c′} to vertices A′, B ′, C′,
respectively, is 5-connected.
Proof. Let z, z′ denote the neighbors of c, c′ distinct from c′, x, b, d and c, x, b′, d ′, respectively. Then NG({x, a, b, c,
c′, b′}) consists of the vertices y, d, z, y′, d ′, z′. Since rG,k(x)2 and |V (G)|13, the latter vertices do not form a
member ofT(G), so they are pairwise distinct. In particular, z, c′ and z′, c are end vertices of the border paths of c, c′,
respectively, which are now determined to be c′xbdz, cxb′d ′z′, respectively. Fig. 4 illustrates the conﬁguration in G to
work with.
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Fig. 5. The extended conﬁguration.
By the initial conditions, we are allowed to apply Lemma 7 and some of the earlier lemmas to all vertices of G within
distance 2 from x. This enables us ﬁrst to determine the types and border graphs of some further vertices. Let u, v be
two neighbors of y distinct from d, b, a such that dG(NG(y))(u)dG(NG(y))(v), and let u′, v′ be two neighbors of y′
distinct from d ′, b′, a such that dG(NG(y′))(u′)dG(NG(y′))(v′).
Claim 1. The vertex y has type II with border path uvdba, d has type III with border cycle cbyvz, y′ has type II with
border path u′v′d ′b′a, and d ′ has type III with border cycle c′b′y′v′z′.
By symmetry, it sufﬁces to prove the ﬁrst two statements. Since cz → d, dbc by Lemma 4, applied to c, z, d, b in
place of x, a, y, b. So y has degree 5 and, thus, has type II or III by Lemma 7. It is not of type III, since b is the unique
neighbor of the type II vertex a in G(NG(y)). So y has type II, and, by the degree condition to u, v, its border path is
uvdba.
Since zc → d, d has degree 5. Thus, d has type II or III by Lemma 7, and v is not equal to one of y, b, c, z. In
particular, NG(d) = {c, b, y, v, z}, and zcbyv is a spanning path of G(NG(d)). Since uy → v, vdy by Lemma 4
applied to y, u, v, d in place of x, a, y, b, which implies that v, d must have a common neighbor of degree 5 distinct
from y. This can only be z, so Claim 1 follows.
The situation is displayed in Fig. 5, extending the previous one. The sets to be contracted are marked.
To increase conﬁdence in thedrawing, let us convinceourselves that the 16vertices in the listL=x, a, b, c, d, y, z, v, u,
b′, c′, d ′, y′, z′, v′, u′ are pairwise distinct unless we are in a rather particular situation.
The vertices b, a, x, c, d, y ∈ {b} ∪ NG(b) are pairwise distinct by construction. Also by construction, NG(X) ⊆
{u, v, z, y′, b′, c′}. By rG,5(x)1 and |V (G)|13, the latter six vertices must be pairwise distinct. Therefore,
b, a, x, c, d, y, u, v, z, y′, b′, c′ are pairwise distinct. (3)
By the same argument, applied to b′ and to x for b,
b′, a, x, c′, d ′, y′, u′, v′, z′, y, b, c are pairwise distinct and (4)
x, a, b, c, y, d, z, a′, b′, c′y′, d ′, z′ are pairwise distinct. (5)
As the three lists cover all 16 vertices in L and each of them contains x, a, b, c, y, b′, c′, y′, each of the latter eight
vertices is distinct from all other vertices listed in L.
The vertex d must be distinct from all other members of L except possibly u′, v′ by (3) and (5). By (5), the vertices
y, b, c, y′, d ′, z′ ∈ NG(d) ∪ NG(v′) are pairwise distinct, so d = v′. If d = u′ then the vertex y′ ∈ NG(u′) would
belong to {c, b, y, v, z} = NG(d), which is not possible, as y′ is distinct from all other vertices listed in L.
So d is distinct from every other vertex listed in L. By symmetry, the same holds for d ′. So Y := {x, a, b, c, d, y, b′,
c′, d ′, y′} has cardinality 10, and NG(Y ) = {u, v, z, u′, v′, z′}. Let Y := V (G) − (Y ∪ NG(Y )). From rG,5(x)2 we
deduce |NG(Y )| = 6 or |Y |1. (|V (G)|17 would imply |NG(Y )| = 6, but we insist on keeping the lower bound to
|V (G)| being 13.)
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Fig. 6. The graph G4.
As u, v, z are pairwise distinct and u′, v′, z′ are pairwise distinct, each of u, v, z equals at most one of u′, v′, z′ and
vice versa, and no further pairs of distinct members in the list L are the same. By (5), z = z′.
Let us have a look at the vertex v. As uy → v, v ∈ V5(G) follows, and as v is within distance 3 from x, we may
apply Lemma 5 to v. So v has type I, II, or III. However, uydz is a subpath in G(NG(v)), so v has type II or III. By (5),
the vertices y, d, z, y′, d ′, z′ ∈ NG(v)∪NG(v′) are distinct, so v = v′. Furthermore, v = z′ (as c′ ∈ NG(z′) is distinct
from all u, y, d, z by (3) and d ′ ∈ NG(z′) is distinct from every other vertex in L).
Symmetrically, v′ = z. If v = u′ then one of y′, v′ ∈ NG(u′) would be equal to one of u, y, d, z. As y′ is not, v′
is one of the end vertices of the path uydz, so v′ = u or v′ = z, implying v′ = u. Now |NG(Y )|4, implying that
V (G) = Y ∪ NG(Y ). Since v has type II or III, z is not adjacent to u. So NG(z) ⊆ {v = u′, d, c, z′}, contradicting
5-connectivity of G.
So v is distinct from any other vertex listed in L. Symmetrically, v′ has type II or III and is distinct from every other
vertex listed L. It follows that u, v, z, u′, v′, z′ are distinct unless u= u′ or u= z′ or z= u′ or (u= z′ ∧ z= u′), where,
respectively, all other pairs of distinct members of L denote distinct vertices.
Case 1: u = u′, all other pairs of distinct members of L denote distinct vertices.
Then |NG(Y )| = 5. Since NG(u) ∩ (Y ∪ NG(Y )) ⊆ {y, v, y′, v′}, Y is not empty and, thus, consists of a vertex w
of degree 5. This determines NG(v) = {u, y, d, z, w}, NG(v′) = {u′, y′, d ′, z′, w}. As dG(z)5, zz′ ∈ E(G) follows,
and G equals the graph in Fig. 6, which is in fact the graph G4 as described at the end of the previous section.
Note that in this case, the graphG′ deﬁned as in the statement of our lemma is the icosahedron and, thus, 5-connected.
Case 2: u = z′ or (symmetrically) z = u′, all other pairs of distinct members of L denote distinct vertices.
Then |NG(Y )| = 5. Since NG(u′) ∩ (Y ∪ NG(Y )) ⊆ {y′, v′, v, z}, Y consists of a single vertex w. This determines
NG(v) = {u, y, d, z, w}, so NG(u′) ⊆ {y′, v′, z, w}, a contradiction.
Case 3: u = z′ ∧ z = u′, all other pairs of distinct members of L denote distinct vertices.
Then |NG(Y )| = 4, implying Y = ∅. Since dG(v)5, vv′ ∈ E(G) follows, which determines the graph entirely.
Fig. 7 displays G and G′.
Obviously, G′ is 5-connected.
Hence we may assume from now on that the members of the list L are pairwise distinct vertices.
It follows that NG′(A′) = {u, v, d, B ′, y′}, NG′(B ′) = {A′, d, C′, d ′, y′}, and NG′(C′) = {z, d, B ′, d ′, z′}.
Since none of the vertices in V (G) − (A ∪ B ∪ C) has more than one neighbor in either of A,B,C in G, G′ has
minimum degree (G′)5.
Assume, to the contrary, that G′ is not 5-connected and consider a T ′-fragment F ′ of G′, so |T ′|4. Let F, T , F
be the sets in G corresponding to F ′, T ′, F ′. That is, in each of these sets, we replace the vertices A′, B ′, C′ by the
vertices in the sets A,B,C, respectively.
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Fig. 7. G and G′ if z = u′ and u = z′.
As (G′)5, we obtain |F | |F ′|2 and |F | |F ′|2. Since G is 5-connected, T contains at least one of A,B,C,
so dG(x, T )1, implying |T |6 by rG,5(x)1. Recall that, by assumption, |T ′|4.
Claim 2. If B ′ ∈ T ′ then T ′ does not separate A′ from C′ in G′.
For if T ′ separates A′ from C′ in G′ then T ′ must contain d, one of v, z, and one of d ′, y′. If it contains d ′ then it
must contain one of y′, v′, z′, and if it does not contain d ′ then it contains y′ and v′, since the border path of y′ in G
corresponds to u′v′d ′B ′A′ and is separated by T ′. In either case, |T ′|5. This contradiction proves Claim 2.
Claim 3. {A′, B ′, C′}T ′.
For otherwise we may assume that F ′ ∩ NG′(B ′) = {d} without loss of generality (if not then we swap the roles of
F ′, F ′). Since NG({b, x, c})= {z, d, y, a, b′, c′} ⊆ F ∪ T , T − {b, x, c} is a nontrivial separator of cardinality at most
5 of G, contradicting rG,5(x)1. This proves Claim 3.
Claim 4. {A′, B ′}T ′.
For otherwise, by Claim 3, d ′ ∈ T ′ (since T ′ separates NG′(B ′) − T ′), and F ′ ∩ NG′(B ′) = {y′} without loss of
generality, so C′ ∈ F ′ and d, z′ /∈F ′.
Since T ′ separates NG′(d ′), v′ ∈ F ′ (for otherwise F ′ ∩ NG′({B ′, d ′}) = {y′}, so F ′ − {y′} would be nonempty and
had less than |T ′| neighbors in G′, a contradiction), and, thus, z′ ∈ T ′. It follows T ′ ={A′, B ′, d ′, z′}. Since the vertices
u, v, d, z, C′ induce a connected subgraph ofG′−T ′, they are all contained inF ′, implying thatNG({y, b, x}) ⊆ F ∪T .
So T − {y, b, x} is a separator of cardinality at most 5, contradicting rG,5(x)1. This provesClaim 4.
Claim 5. {B ′, C′}T ′.
For otherwise, by Claim 3, y′ ∈ T ′ (since T ′ separates NG′(B ′)), and F ′ ∩NG′(B ′)={d ′} without loss of generality,
so A′ ∈ F ′ and d /∈F ′. Furthermore, z /∈F ′, for otherwise v, d ∈ T ′ as they are common neighbors of z and A′ ∈ F ′,
which violates |T ′|4. It follows NG({b, x, c}) ⊆ F ∪ T , implying that T − {b, x, c} is a separator of cardinality 4 in
G. This proves Claim 5.
Now let us assume thatB ′ ∈ T ′. From Claims 3–5 we deduce that neitherA′ norC′ are in T ′. SinceNG′(B ′) consists
of a cycle A′y′d ′C′d of length 5 dominated by A′, C′ it follows that T ′ separates A′, C′, which violates Claim 2.
So B ′ /∈ T ′, say, B ′ ∈ F ′. Since |T ′|4 and |T |5, one of A′, C′ is in T ′. If |T | = 5 then T would be a nontrivial
smallest separator of G intersecting NG(x), which violates rG,5(x)1. Hence, |T |6, and {A′, C′} ⊆ T ′ follows.
Since NG′(C′) is separated by T ′ in G′ and d, d ′ are adjacent to B ′ ∈ F ′, one of z, z′ is in F ′, and since NG′(A′) is
separated by T ′ in G′ and d, y′ are adjacent to B ′ ∈ F ′, one of u, v is in F ′, implying that one of v, d is in T ′.
If z′ ∈ F ′ then T ′ would consist of A′, C′, d ′, one of v′, y′, and one of v, d—contradicting |T ′|4.
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Hence, z′ /∈F ′ and, thus, z ∈ F ′. Consequently, d ∈ T ′. So T ′ consists of A′, C′, d , and one further vertex. Since
NG({a, c′}) = {y, b, x, b′, y′, c, d ′, z′} ⊆ F ∪ T , T − {a, c′} is a separator of G of cardinality 4, a contradiction. 
6. Border types
The type of a border path or border cycle x1 . . . x5 is an element (t1, . . . , t5) ∈ {II, III}5 such that ti = II implies that
xi has type II and ti = III implies that xi has type III. For example, the border cycle of the vertex x in Lemma 8 has type
(II, III, II, II, III). In this section we will see that this type can be found within a certain distance from vertices whose
border graphs have another type.
Lemma 9. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)7 such
that there is no 5-contractible edge set of cardinality 1, 2 within distance 7 from x.
Suppose that x has type III and has a border cycle abyb′a′ such that y has type II and has border path cbxb′c′. Then
abyb′a′ has type (II, III, II, III, II).
(So yb′a′ab has type (II, III, II, II, III).)
Proof. By the initial conditions, we may apply Lemma 7 to x and all neighbors of x. So once they have degree 5, they
have type II or III.
Since cy → b, b has type II or III. Let u denote the neighbor of b distinct from a, x, y, c. Observe that u, b have
a common neighbor of degree 5, which is among a, c. Note that cy → b, so ub → c would contradict Lemma 4,
applied to b, u, c, y in place of x, a, y, b. Hence a is a common neighbor of u, b in V5(G) and, thus, of type II or III.
Let v denote the neighbor of a distinct from a′, x, b, u. Symmetrically, let u′ denote the neighbor of b′ distinct from
a′, x, y, c′, a′ is a common neighbor of u′, b′, and let v′ denote the neighbor of a′ distinct from a, x, b′, u′.
Since rG,5(x)1 and |V (G)|13 it follows that c, u, v, c′, u′, v′ are pairwise distinct. In particular, a, a′ have type
II, and va → u. As uba would contradict Lemma 4, applied to a, v, u, b in place of x, a, y, b, we conclude u, b
must have a common neighbor of degree 5 distinct from a, which can only be c. Hence b has type III. Symmetrically,
b′ is, which proves the lemma. 
Note that Lemma 9 plus the additional assumption that the type of the border cycles of x do not allow the application
of Lemma 8 does not imply that there is no type II vertex at all in the neighborhood of x but that there is no type II
vertex in NG(x) such that both end vertices of its border path are outside NG(x).
Lemma 10. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)8 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 8 from x.
Suppose that x has type III and has a neighbor y of type III.
Then there exists a vertex of type III having a border cycle of type (II, III, II, III, II) within distance 1 from x.
Proof. Let abyb′a′ be the border cycle of x. Then the border cycle of y equals cbxb′c′ for some c, c′ ∈ V (G).
By the initial conditions, we may apply Lemma 9 to x and all neighbors of x, and we may apply Lemma 7 to all
vertices within distance 2 from x.
Observe that x, y have a common neighbor of degree 5. By symmetry, let it be the vertex b, and let u be the neighbor
of b distinct from a, x, y, c. Now b has type II or III. If it was of type II, then its border path is either uaxyc or axycu.
In the ﬁrst case, we apply Lemma 9 to x, b in place of x, y, and in the second case, we apply Lemma 9 to y, b in place
of x, y to obtain a vertex of type III as required. So b has type III, having border cycle uaxyc. Since rG,5(x)1 and
|V (G)|10, NG({b, x, y}) consists of the six distinct vertices u, a, a′, b′, c′, c.
Since a′, x must have a common neighbor of degree 5, one of a, b′ has degree 5. Symmetrically, one of c, b′ and one
of a, c must have degree 5, and, again by symmetry, we may assume that a, c both have degree 5. Let v be the neighbor
of a distinct from u, b, x, a′, and let w be the neighbor of c distinct from u, b, y, c′. If a would be of type II, either
vubxa′ or ubxa′v would be the border path of a, so applying Lemma 9 to b, a or to x, a in place of x, y we found a
type III vertex as required. Hence a and, symmetrically, c, has type III. Now NG({x, y, a, b, c}) ⊆ {a′, b′, c′, u, v,w},
and from rG,5(x)1 and |V (G)|12 we deduce that the members of the list L = x, y, a, b, c, a′, b′, c′, u, v,w are
pairwise distinct. Fig. 8 illustrates the situation.
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Fig. 8. The proof of Lemma 10.
Note that if NG(u) = {v, a, b, c, w} then NG({a, b, c, x, y, u}) = {a′, b′, c′, v, w}, contradicting rG,5(x)2 and
|V (G)|13.
So u must have a degree at least 6. In particular, va → a′, and wc → c′, so a′, c′ have type II or III by Lemma 7.
Let v′ denote the neighbor of a′ distinct from v, a, x, b′, and let w′ denote the neighbor of c′ distinct from w, c, y, b′.
Since va → a′, v′a′ → v would contradict Lemma 4, applied to a′, v′, v, a in place of x, a, y, b. Consequently, v′, a′
have a common neighbor of degree 5 distinct from v—which can only be b′. Symmetrically, b′ is a common neighbor
of c′, w′ of degree 5. This determines NG(b′) to be {a′, x, y, c′, v′, w′}, so two of a′, x, y, c′, v′, w′ coincide. As b′
has type II or III by Lemma 7, v′ =w′ follows. However, NG({x, y, a, b, c, b′})= {u, v,w, b′, v′ =w′}, contradicting
rG,5(x)1 and |V (G)|13.
This proves the lemma. 
Lemma 11. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)8 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 8 from x.
Suppose that aybcd is the border path of a type II vertex x such that y has type II.
Then there exists a vertex of type III having a border cycle of type (II, III, II, III, II) at distance 1 from x.
Proof. By the initial conditions, we may apply Lemma 9 to all neighbors of x.
Note that axb is a subpath of the border path of y. Hence, the border path of y is one of axbc′d ′, d ′axbc′, c′d ′axb
for certain vertices c′, d ′. If it equals d ′axbc′ then by ax → y and d ′y → a we obtain a contradiction to Lemma 4,
applied to y, d ′, a, x in place of x, a, y, b. If it equals c′d ′axb then by ax → y and by → x we obtain a contradiction
to Lemma 4 (just applied as it is).
So the border path at y equals axbc′d ′. Since a is not adjacent to any of b, c, d, c′, d ′, the vertices x, y form a
component in G(NG(a)), so a is neither of type II nor of type III implying that dG(a)> 5. Hence xy → b. If b had
type III we could apply Lemma 9 to b, x or b, y in place of x, y to obtain an appropriate type III vertex. So b has type
II, and its border path equals either cxyc′u or ucxyc′ for a certain vertex u. By symmetry of x, y, we may assume that
the ﬁrst case occurs, implying bc → x, which leads together with dx → c to a contradiction to Lemma 4, applied to
x, d, c, b in place of x, a, y, b. 
7. Contracting along wheels II
The preceding paragraphs still do not cover all conﬁgurations in an essentially 6-connected graph which may prevent
it from being reducible to a 5-connected graph by contracting a small number of edges. Let us construct another large
class of essentially 6-connected graphs.
For 3 consider the wheel W2, where the central vertex x has degree 2 and the border vertices are denoted
by x0, . . . , x2−1. Let H be the graph obtained from this wheel by adding 2 new vertices y0, . . . , y2−1, where we
connect y2i to y2i+1, x2i , and x2i+1, and connect y2i+1 to y2i , x2i+1, and x2i+2 (indices modulo 2). We refer to the
pair (y2i , y2i+1) as to a spoke of H. Fig. 9 displays an example with six spokes.
Now let H be an arbitrary 3-edge-connected multigraph. For each vertex x of degree d in H, we take a copy Hx of
Hd and a bijection x from the edges incident with x to the spokes of Hx . We may choose the Hx being vertex disjoint.
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Fig. 9. A six spoke building block.
Now, for each edge e = xy in H we consider the two spokes x(e) = (a, b) and y(e) = (c, d) and identify either
a = c and b = d or a = d and b = c. The graph G obtained in this way is essentially 6-connected, and all vertices of
degree 5 have either type II or III. Furthermore, it cannot be contracted to a 5-connected graph by any of the reductions
described in the previous lemmas. It should be added that the class of graphs obtained in that way contains inﬁnitely
many planar graphs, and also graphs with arbitrarily large complete minors.
To overcome the irreducibility of these graphs, we introduce another contraction operation as follows.
Lemma 12. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)9 such
that there is no 5-contractible edge set of cardinality 1 or 2 within distance 9 from x.
Suppose that x is a type III vertex having border cycle abyb′a′, where dG(y)> 5.
Then either there exists a vertex of type III having a border cycle of type (II, III, II, III, II) within distance 2 from
x, or the graph G′ obtained from contracting A := {a, b}, B := {a′, b′, x} to single vertices A′, B ′, respectively, is
5-connected.
Proof. The initial conditions allow us to apply the lemmas of the preceding section to x and all neighbors of x.
Since bx → a, a has type II or III. If it has type III then we may apply Lemma 10 to a in place of x and ﬁnd an
appropriate type III vertex within distance 2 from x.
Hence a has type II, and so is a′. Moreover, aa′x (for this would contradict Lemma 4, applied to x, b, a, a′ in
place of x, a, y, b), so a, a′ must have a common neighbor z ∈ V5(G) distinct from x. Vertex a has the border path
bxa′zc or cbxa′z for some c. If the latter case occurred, we could apply Lemma 9 to x, a in place of x, y, and x turns
out to be an appropriate type III vertex. Hence, a has the border path bxa′zc and, symmetrically, a′ has the border path
b′xazc for some c′. As rG,5(x)1 and |V (G)|10, NG({x, a, a′}) consists of the six distinct vertices y, z, c, b, c′, b′.
From ab → x we deduce a′xa (as a′x → a would contradict Lemma 4, applied to x, a′, a, b in place of x, a, y, b),
so b′ ∈ V5(G). Since x is the only neighbor of a′ in NG(b′), b′ cannot be of type III. By Lemma 7, b′ has type II and
has border path a′xyu′v′. Symmetrically, b has type II and has border path axyuv. By Lemmas 1, 7, and 11, applied
to a, b, b′ in place of x, we may assume that all of u, u′, z have degree 5 and have type III, for otherwise there would
be an appropriate type III vertex within distance 2 from x. Notice that c, z, u, v, y are pairwise distinct as a has type
II. Symmetrically, c′, z, u′, v′, y are pairwise distinct. Therefore, Fig. 10 displays the situation up to identities among
u, v, u′, v′ and, possibly, v = c′ or u = c′ or v′ = c or u′ = c.
Now let us consider the graph G′. It is easy to check that dG′(A′), dG′(B ′)5. Every vertex in V (G) − (A ∪ B)
except y has at most one neighbor in either of A,B, and y has one neighbor in A and two in B. As dG(y)> 5, (G′)5.
Consider aT ′-fragmentF ′ and suppose, to the contrary, that |T ′|4.LetF, T , F be the subset ofV (G) corresponding
to F ′, T ′, F ′; that is, we replace a vertex A′ or B ′ by the respective vertices in A,B.
From (G′)5 we deduce |F | |F ′|2 and |F | |F ′|2. If |T |= 5 then T ′ contains one of A′, B ′, so T intersects
A ∪ B, violating rG,5(x)1. Hence |T |6, in particular, B ′ ∈ T ′.
If A′ /∈ T ′ then |T |=6, and x ∈ T must have neighbors in every component of G−T as |V (G)|> 9 and rG,5(x)1.
This is not true, since A = {b, a} does not intersect T but T must separate aby, as it separates NG(x).
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Fig. 10. The proof of Lemma 12.
It follows A′ ∈ T ′ and |T | = 7. Now a′ has neighbors in at most one component of G − T , which implies that
T0 := T − {a′} separates G nontrivially, i.e. there exists C0 ⊆ V (G) such that a′ ∈ C0 and both C0 − {a} and
C0 := V (G)− (T0 ∪C0) are the union of the vertex set of at least one but not of all components of G− T . So |T0| = 6
and T0 is a minimal separator of G, as rG,5(x)1, implying that every vertex in T0 has a neighbor in every component
of G − T0. This yields u, z ∈ T0, so T0 = {u, z, a, b, x, b′}, and c, y ∈ C0. So NG({a, x}) ∩ C0 = {a′}, implying that
T1 := (T0 − {a, x}) ∪ {a′} is a separator of cardinality 5 in G at distance 1 from x. Since v is the unique common
neighbor of u, b ∈ T1 in V5(G) and since x is the unique common neighbor of a′, b′ in V5(G), T1 = NG(x) = NG(v)
follows, which is absurd. 
8. The main results
Now we are prepared to prove our main result.
Theorem 1. Let G be a graph of connectivity 5 on at least 13 vertices, and consider x ∈ V (G) with rG,5(x)12.
Then there exists a 5-contractible edge set of cardinality 1, 2, 3, or 4 within distance 12 from x.
Proof. Suppose, to the contrary, that there exists no 5-contractible edge set of cardinality 1, 2, 3, or 4 within distance
12 from x.
Claim 1. There exists no vertex y of type III within distance 4 from G having a border cycle of type (II, III, II, II, III).
For otherwise we ﬁnd an appropriate 5-contractible set of one, two, or four edges by applying Lemma 8 to y in place
of x. This proves Claim 1.
Claim 2. There exists a vertex z of type III within distance 2 from x.
We may assume that x is not of type III already. By Lemma 1, it must have a neighbor y of degree 5, which has type
II or III by Lemma 7, and we may assume that y has type II. Let stuvw be the border path of y. As sy → t , t has degree
5 and has type II or III by Lemma 7. Then t has type III, for otherwise, by applying Lemma 11 to y in place of x, we
obtain a vertex of type III having a border cycle of type (II, III, II, II, III) within distance 1 from t and, thus, within
distance 2 from x, contradicting Claim 1. This proves Claim 2.
Now let z be a vertex of type III within distance 2 from x. If dG(y)> 5 for some y ∈ NG(z) then we apply Lemma
12 to z in place of x. As there cannot be a vertex of type III having a border cycle of type (II, III, II, II, III) within
distance 2 from z by Claim 1, there exists a 5-contractible set of three edges within distance 1 from z, contradicting the
assumption.
Hence every neighbor of z has type II or III by Lemma 7. If z has a neighbor of type III then we may apply Lemma
10 to z in place of x, which again conﬂicts with Claim 1.
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Hence every neighbor of z has type II. Let y0y1y2y3y4 be a border cycle of z. If the two neighbors ai, bi of yi in {z}
are both end vertices of the border path of yi then Lemma 9 applies to z in place of x and conﬂicts with Claim 1. Hence
we may assume, without loss of generality, that ai is an end vertex of the border path at yi and bi is not.
Let us color yiyi+1 red if {ai, bi} ∩ {ai+1, bi+1} = ∅ and blue otherwise. As ai is not adjacent to yi−1, yi+1 and as
bi is adjacent to exactly one of yi−1, yi+1, exactly one of yi−1, yi+1 has neighbors among ai, bi , and so we obtain a
proper edge coloring of C5 using only two colors red and blue, which is absurd. 
Corollary 1. Every essentially 6-connected graph G on at least 13 vertices can be contracted to a 5-connected graph
H such that 0< |V (G)| − |V (H)|< 5.
Proof. Let x ∈ V (G). As rG,5(x) = +∞ holds, Theorem 1 applies to x. 
As it is shown by the examples Gn above, 5 cannot be improved to 1, 2, 3, 4, and the icosahedron shows that 13
cannot be improved either. As mentioned above, for every k > 5 and for all b, h a graph G of connectivity k on at least
b vertices without a k-connected minor H with 0< |V (G)| − |V (H)|<h has been constructed in [4]. As these graphs
turn out to be essentially (k + 1)-connected, none of the results in this section holds for connectivities exceeding 5.
From Corollary 1 we deduce straightforward:
Corollary 2. Every minor minimal 5-connected graph on more than 12 vertices admits a nontrivial smallest separator.
In case that there exists some nontrivial smallest separator T in a 5-connected graph G on at least 13 vertices which
cannot be reduced to a smaller 5-connected graph by contracting less than ﬁve edges, Theorem 1 leads easily to the
existence of a T ′-fragment F ′ such that dG(x, T ′)14 for every x ∈ F ′. One could call this a T ′-fragment of height
at most 14. We omit the proof details here.
Corollary 2 leads immediately to the following question:
Problem 1. Let k1.
Is every minor minimal k-connected graph of order at least 2k − 1 essentially (k + 1)-connected?
The answer is “yes” for k4 (see [4]). If the answer would be “yes” for k = 5 then from Corollary 2 we would
immediately get that a minor minimal 5-connected graph had at most 12 vertices. In turn, this would very likely settle
Conjecture 2 afﬁrmatively.
For k4, no additional assumption on the order of G has to be made in Problem 1. This could hold for k = 5 as
well, but for higher connectivity the situation changes again: for every k3, the graph Ck ∗ Kk−2 is minor minimal
k-connected, and for k6, these graphs admit nontrivial separators.
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